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A graph is crossing-critical if deleting any edge decreases its crossing number on the plane. 
For any n >I 2 we present a construction of an infinite family of 3-connected crossing-critical 
graphs with crossing number n. 
1. Introduction 
By the crossing number cr(G) of the graph G we understand the minimal 
possible number of crossings of its planar drawing. By [1] the concept of optimal 
drawing of a graph on the plane corresponds to that of a minimal immersion (for 
definition see e.g. [3]). 
Crossing number is a monotonous topological invariant of graphs, i.e., 
cr(G) = cr(H) whenever the graphs G, H are homeomorphic and c r (G-  e)~< 
cr(G) for every graph G and every edge e of G. A graph G is said to be 
crossing-critical if c r (G-  e )< cr(G) for every edge e of G. Let Fn(cr) be the 
family of crossing-critical graphs G, for which cr (G)> n and c r (G-  e)~< n for 
every edge e of G and no vertex of G has degree two. It is easy to see that for 
every graph H, cr(H)~< n iff H does not contain a subgraph omeomorphic to a 
member of Fn(cr). Fn(cr) is a family of some "forbidden subgraphs". From the 
classical Kuratowski's Theorem [4, 5] we conclude that the members of F0(cr) are 
only K5 and Ka,3. We ask, whether for every n i> 1 F~(cr) is a finite set. It is 
trivial that there exist infinitely many 2-connected graphs of F,,(cr) for every n/> 1 
(see Fig. 1). That is why the following question is of some interest: Has Fn(cr) 
infinitely many 3-connected (other than trivial) members? 
~ir~ifi [6] show that, for any n t> 2, infinite many 3-connected graphs of F~(cr) 
can be constructed. He used construction with multiple edges. Further, he 
conjectured that there are at most finitely many 3-connected graphs in Fl(Cr). In 
contrast o this conjecture we present a construction of an infinite family of such 
graphs and we extend our investigation to other integers. 
We will consider only finite, undirected graphs without loops and multiple 
edges. The rest of terminology is essentially the same as that of Harary [2]. 
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2. Construction 
For k I> 0 let G = G(2, k) be the graph depicted in Fig. 
3-connected and 1 ~cr(G)<~2. An edge e of the graph 
0-crossing-critical if cr(G - e) = 0. 
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Fig. 2 
Assume that cr(G) = 1. Take an optimal drawing of G. Let the edges ab and cd 
of the graph G have one common crossing. Then ab and cd are both 
0-crossing-critical nd that may be only UlUs, u6um, . . . ,  Uzok+llUmk+m Then 
there exist an a-b path u and c-d path v, such that ab, cd, u, v are mutually 
disjoint (e.g. if ab = u~u5, then u = ulu2u3u4us). Now it is clear that cr(G) = 2. 
For n I> 3, k >~n-  3 let G(n, k) be the graph depicted in Fig. 3. Obviously 
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Fig. 3 
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G(n, k) is 3-connected and cr(G(n, k))<~ n. We prove the reverse inequality by 
induction. 
(1) cr(G(2, k ) )= 2. 
(2) Let c r (G(n -  1, k ) )= n -  1. Take an optimal drawing of G(n, k). There 
are nine internally disjoint paths from xn-2, Yn-2, Z to p, q, r. Hence one of the 
six edges from xn-2, Yn-2 to p, q, r must cross another edge. Deleting the vertex 
xn-2 decreases the crossing number of the graph G(n, k) obtaining G(n - 1, k) 
and we conclude that cr(G(n, k)) = n, for every n t> 3, k i> n - 3. 
It is easy to see that G(n, k) is crossing-critical graph. We have proved 
Theorem. For any n >12 there is an infinite family of 3-connected crossing-critical 
simple graphs with crossing number n. 
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